Exact geometry based quasi-conforming analysis for Euler-Bernoulli beam  by Hu, Ping et al.
THEORETICAL & APPLIED MECHANICS LETTERS 2, 051002 (2012)
Exact geometry based quasi-conforming analysis for Euler-Bernoulli
beam
Ping Hu,a) Yang Xia,b) and Changsheng Wangc)
School of Automotive Engineering, Faculty of Vehicle Engineering and Mechanics, State Key Laboratory of
Structural Analysis for Industrial Equipment, Dalian University of Technology, Dalian 116024, China
(Received 6 May 2012; accepted 18 July 2012; published online 10 September 2012)
Abstract The problem of quick analysis using exact geometry data was proposed by Hughes et
al. and the isogeometric analysis framework was introduced as a solution. In this letter, the exact
geometry concept is combined into the quasi-conforming framework and a novel method, i.e., the exact
geometry based quasi-conforming analysis is proposed. In present method the geometry is exactly
described by non-uniform rational B-spline bases, while the solution space by traditional polynomial
bases. Present method combines the merits of both isogeometric analysis and quasi-conforming ﬁnite
element method. In this letter Euler-Bernoulli beam problem is solved as an example and the results
show that the present method is eﬀective and promising. c© 2012 The Chinese Society of Theoretical
and Applied Mechanics. [doi:10.1063/2.1205102]
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Presently, the engineering analysis with ﬁnite ele-
ment method (FEM) is largely held up by the mesh
generation process, which can not be ﬁnished automat-
ically even in the ﬁnest mesh generator and needs a
lot of manpower intervention. The geometric approxi-
mation caused by the mesh can also lead to accuracy
problem, especially in the thin shell analysis, ﬂuid anal-
ysis and topological optimization, etc.1 Therefore, it is
meaningful to develop a method which can carry out
analysis using exact geometry data generated by com-
puter aided design (CAD) directly without mesh.
To fulﬁll this objective, one method is to combine
the ﬁnite element analysis with spline description (B-
spline, non-uniform rational B-spline (NURBS), etc.).
Researchers are inspired by the fact that for a long time
spline plays an important role in CAD industry, com-
puter aided manufacturing, computer graphics and data
ﬁtting, but the ﬁnite element simulation is a sole ex-
ception. With the combination, spline FEM is the ﬁrst
fruitful development, which can get results of high preci-
sion for problems with simple topology.2,3 However, the
mesh is still needed in spline FEM. Hollig4 introduced
the FEM with B-splines, and the mesh-generation step
is omitted. This is an important achievement to intro-
duce a method for analysis without preprocessing step,
but the method is not developed for general application.
Hughes et al. developed isogeometric analysis (IGA) in
2005, in which the analysis is performed with NURBS
data from the CAD model without mesh.1 NURBS
is part of widely used standards in the CAD indus-
try, such as the initial graphics exchange speciﬁcation
(IGES), standard for the exchange of product model
data (STEP) and Alan-Charles-Ian solid (ACIsS).5 As
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a result, IGA is readily applicable for industry and de-
velops fast in the past few years.6–9
The quasi-conforming (QC) FEM is an analysis
framework originally developed by Tang et al.10,11 QC
is an eﬀective and ﬂexible framework which can unify
the conforming and non-forming ﬁnite element formula-
tion. The strain-displacement relationship is weakened
in the QC method. This procedure is similar to the
“strain smoothing technique” recently proposed by Liu
et al.,12 which will soften the stiﬀness matrix of QC for-
mulation and provide better precision. Because of these
properties, the QC method keeps eﬀective in the past
years and is developing forward.13
In this letter, we propose an exact geometry based
quasi-conforming analysis (EGQC) method. The idea
behind this method is to apply the exact geometry
concept from isogeometric analysis within the quasi-
conforming framework. In the EGQC formulation, the
geometry is exactly represented by CAD data and no
extra preprocessing process is needed. While the solu-
tion space is still approximated by traditional polyno-
mial basis of ﬁnite element, the advantages of polyno-
mial basis in simulation, e.g., completeness in approx-
imation and eﬃciency in computation are kept. As a
result, the EGQC method combines the advantages of
both isogeometric analysis and FEM.
The remainder of this letter is organized as follow-
ing. First, the Euler-Bernoulli beam problem is solved
by present method, demonstrating the formulation pro-
cedure in detail. Then numerical experiments are given.
Finally conclusions will be made.
This part will develop the idea of applying the
NURBS representation of exact geometry within quasi-
conforming framework. Emphasis is made that this
combination is natural, and the formulation is generally
processed according to quasi-conforming analysis. The
new EGOC method is presented by considering the lin-
ear static and dynamic analysis of Euler-Bernoulli beam
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problem. For static analysis, the problem is governed
by the Euler-Bernoulli beam equations
∂2
∂x2
[
EI
d2w (x)
dx2
]
= q (x) , in domain Ω, (1)
where E is the Young’s modulus of the beam, I is the
area moment of the inertia of the beam’s cross section,
w is the transverse displacement and q is the distributed
loading acting in the same direction on the beam. The
Neumann boundary conditions are listed as below
−EI d
2w (x)
dx2
= M¯, on ΓM ,
− ∂
∂x
[
EI
d2w (x)
dx2
]
= Q¯, on ΓQ, (2)
where ΓQ and ΓM are boundaries corresponding to the
shear force and bending moment respectively.
To understand the following formulation, a general
concept on isogeometric analysis is needed. In isogeo-
metric analysis, a net of NURBS control points which
describes the geometry data is used as the mesh, and
the elements are separated by the knot vectors. These
basic characters are shared in present method. For de-
tails please refer to the paper by Hughes et al.1
Quadratic NURBS basis is used for formulation of
beam problem, therefore there are three control points
in each element. Each control point has one degree of
freedom of deﬂection. Due to the simplicity of the ge-
ometry, all the weights of the NURBS bases are set
to 1. According to the general procedure of quasi-
conforming,14 the trial solution of deﬂection is set as
below
w˜ =
n∑
i=0
aiBi, (3)
where Bi is the basis function, and ai is the coeﬃcient
of basis function. There are three degrees of freedom
in each element, therefore n is set to be 2 in Eq. (3)
to make sure no extra zero-energy mode exits in the
formulation.10,13 The basis function Bi is chosen to be
NURBS in isogeometric analysis, while in EGQC, poly-
nomial function of the traditional FEM is still used as
in Eq. (4). Again we emphasis this choice is based on
the facts that, ﬁrstly, polynomial functions are suﬃ-
cient to represent the solution spaces; secondly, polyno-
mial functions are more eﬃcient in computation than
NURBS.
Bi = Pi = x
i. (4)
The next step of EGQC method is the weaken-
ing of strain-displacement equation through integration
within the element domain. The concerned equation is
listed as below
ε =
d2w
dx2
, (5)
where the generalized strain ε is the unknown value
to be solved. The trial solution of generalized strain
still uses polynomial bases. Substituting Eq. (3) into
Eq. (5), the trial solution of ε is chosen as
ε˜ =
d2w˜
dx2
=
d2
dx2
2∑
i=0
aiPi = 2a2 = b0. (6)
A typical element is chosen within the domain
[x1, x2]. Enforcing Eq. (5) within the element, one has∫ x2
x1
εdx =
∫ x2
x1
d2w
dx2
dx. (7)
Substituting Eq. (6) into Eq. (7) the trial solution
of ε is obtained. With Green’s formula, the integra-
tion within the domain is reduced to calculation on the
boundary points
b0 =
∫ x2
x1
d2w
dx2
dx
/∫ x2
x1
dx =[
dw
dx
n (x)
∣∣∣∣ x2x1
]
/(x2 − x1), (8)
where n (x) is the outside normal of the element bound-
ary. In EGQC method, the right side of Eq. (8) is ap-
proximated by the deﬂection values of control points,
which is formulated in Eq. (9). This is the key procedure
to connect the solution space described by polynomial
basis and the geometry by CAD data.
(
dw
dx
)
xi
=
⎛
⎝ d
dx
2∑
j=0
Rj,2sj
⎞
⎠
xi
=
(
dRT0,2
du
· 1
J
)
xi
· s0 +
(
dRT1,2
du
· 1
J
)
xi
· s1 +
(
dRT2,2
du
· 1
J
)
xi
· s2, (9)
where u is the parametric coordinate of NURBS de-
scription, J = dx/du; R =
{
R0,2 R1,2 R2,2
}
are
quadratic NURBS basis functions corresponding to
knots of the element; s =
{
s0 s1 s2
}T
represent
the displacement values of the three concerned control
points of the element. The generalized strain is calcu-
lated as below
ε˜ = A−1Cs = Bs, (10)
where A = [x2 − x1], B = A−1C, and C is
C =
⎛
⎜⎜⎜⎜⎜⎜⎝
(
dR0,2
du
· 1
J
)
x2
−
(
dR0,2
du
· 1
J
)
x1(
dR1,2
du
· 1
J
)
x2
−
(
dR1,2
du
· 1
J
)
x1(
dR2,2
du
· 1
J
)
x2
−
(
dR2,2
du
· 1
J
)
x1
⎞
⎟⎟⎟⎟⎟⎟⎠
T
. (11)
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The weak form equilibrium equation is the same as
the formulation in traditional quasi-conforming FEM.∫ x2
x1
EIBTBdx · s =∫ x2
x1
q (x)Hdx+ (QH)|ΓQ −(
M
dH
dx
)∣∣∣∣
ΓM
, (12)
where H represents the shape function, which can
be calculated within EGQC framework. Substituting
Eq. (10) into Eq. (12), the stiﬀness matrix is formed as
below
Ke =
∫ x2
x1
EIBTBdx =
CTA−T (x2 − x1)EIA−1C. (13)
A qualitative estimation of computational cost can
be made from Eq. (13). In EGQC, the stiﬀness ma-
trix is calculated in a reduced dimension. As to beam
problem, the calculation involves operating on bound-
ary points. Compared with IGA, in which numerical
integration with multi-Gauss points is needed, EGQC
can reduce the amount of computation.
For dynamic analysis of Euler-Bernoulli beam, the
mass matrix needs to be calculated, which is the same
as quasi-conforming.13 For consistent mass matrix, the
formula is listed as below
Me =
∫ x2
x1
ρAHHTdx. (14)
In the formula, ρ represents mass density and A
represents the cross-section area of the beam.
For numerical experiment, a beam which is sim-
ply supported at both ends is considered. The length
is L = 1.0, and the bending stiﬀness is EI = 1.0.
The element with quadratic spline basis is used; all
the control points are equally distributed. For static
analysis, a concentrated transverse load P = 1.0 is
applied to the middle of the beam. According to the
analytical result, the largest deﬂection in the beam is
wa = PL
3/(48EI) = 0.020 83, at the middle of the
beam. The convergence of present EGQC method for
the largest deﬂection at the middle point is depicted in
Fig. 1, compared with results obtained using isogeomet-
ric analysis with quadratic NURBS basis. In the isoge-
ometric analysis formulation, 4-point Gauss quadrature
formulas are used. The results of EGQC are better in
convergence speed than that of IGA.
The free dynamic analysis is carried out for can-
tilever beam which is anchored at one end. L = 1.0,
EI = 1.0 and ρA = 1.0. All the control points are
equally distributed. The analytical result for the natu-
ral frequency is
ωj =
β2j
L2
√
EI
ρA
, j = 1, 2, · · · , N, (15)
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Fig. 1. Compare on convergence of the deﬂection at mid-
dle of the beam. The symbol “h” represents the distance
between neighboring control points and wh the calculated
deﬂection at the middle point.
where β1 = 1.875 1, β2 = 4.694 1, β3 = 7.854 8,
β4 = 10.996, βj = (j − 1/2)π, j = 5, 6, · · · , N . The
consistent mass matrix is used. There are two methods
to impose the essential boundary conditions, which are
deﬂection and rotational boundary conditions. First the
conditions can be set by specifying the displacements of
control points. In present analysis the control variables
at the anchored end and the one nearby are set to zero
and the cantilever boundary condition is exactly sat-
isﬁed. The rotational boundary can also be set with
the displacement constraint equations method15 which
is originally proposed for meshless method. These two
methods will generate the same results for present test.
Figure 2 illustrates the results of dynamic analysis with
present EGQC method and isogeometric analysis with
quadratic NURBS basis. The resulting frequencies ωcj
are normalized with respect to the analytical solutions.
The “mesh” which consists of 129 control points is used
for the analysis. N = 127 represents the unbounded
degrees of freedom. The results show present method
gives high precision results, just as good as the isogeo-
metric analysis.16
To get a quantitative test of the performance on
dynamic analysis of EGQC compared with isogeometric
analysis, a norm of error is deﬁned
Λ =
√√√√ N∑
j=1
[(
ωcj − ωj
)
/ωj
]2
. (16)
The results of error norms are given in Table 1. The
result from EGQC method is slightly better than that
of quadratic IGA.
In summary, we introduce the exact geometry based
quasi-conforming analysis and develop the method with
a quadratic Euler-Bernoulli beam element. In the
EGQC method no mesh-generation is needed, just like
the case in IGA. Also the EGQC method can get good
results as IGA in accuracy, if not better. Emphases
are made here that the EGQC has unique advantages,
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Fig. 2. The normalized discrete spectra using (a) EGQC
and (b) IGA. n represents the model number, N = 127
represents total unbounded degrees of freedom.
Table 1. Norm of error in dynamic analysis.
EGQC IGA
N Λ Λ/N Λ Λ/N
7 0.766 70 0.109 530 0.914 08 0.130 580
15 0.852 88 0.056 859 0.942 16 0.062 811
31 1.041 95 0.033 611 1.098 93 0.035 449
63 1.358 16 0.021 558 1.395 91 0.022 157
127 1.839 63 0.014 485 1.865 33 0.014 688
which are diﬀerent from IGA. In EGQC method, the
solution ﬁelds are approximated by polynomial bases,
therefore present method keeps the ability of eﬃcient
simulation of FEM. The framework gives polynomial-
based FEM the ability to use exact geometry data di-
rectly. The stiﬀness matrix is calculated in a reduced di-
mension, which concerns operating on boundary points
for one dimensional problem, therefore the amount of
calculation is greatly reduced. The EGQC method com-
bines the merits of both isogeometric analysis and tra-
ditional quasi-conforming FEM. Results of numerical
experiments show the framework reported here is eﬀec-
tive, and promising. The EGQC method can be directly
extended to two-dimensional problems, such as plane
stress/strain problem and plate/shell problem, which
will be considered in further research.
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